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Abstract

Conventional mathematical physics commonly describes physical systems through
coordinates whose states evolve with respect to an external time parameter. This approach is
highly effective for predicting observable trajectories, but it does not establish that time is an
intrinsic geometric degree of freedom of the physical state itself. This paper considers an
alternative starting point: Time-Independent Phase Equilibrium (TIPE). Under TIPE, a
complete physical state is specified directly by its intrinsic amplitude, phase, phase gradient,
and relational phase structure, rather than by its position along an externally imposed time
axis.

A complex oscillatory state is therefore written as

P(r) = A(r)e™{i0(r)},

with relational phase differences

AD ij=D i— D j,

and equilibrium characterized by the self-consistency of these relations, for example,
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AAD ij) — 0

or

Y jK ijsin(® j—d i)=0.

Time independence in this formulation does not imply physical immobility. Motion is
represented intrinsically by spatial phase structure and relational phase alignment. The
conventional stationary condition 0®/0t = 0 is consequently interpreted only as a time-
coordinate representation of TIPE, not as its foundational definition.

From this premise, we introduce the Manifold Consistency Principle:

M math = M _phase = M_geometry.

A mathematical state space intended to represent a complete physical state should preserve
the intrinsic phase-geometric degrees of freedom of that state without unnecessary projection
or quotient reduction. For systems combining three-dimensional orthogonal geometry,

complex phase, orientation, noncommutative rotational composition, and multiplicative norm
preservation, complex quaternion algebra H ® C provides a natural unified representation.

The full biquaternion algebra is eight-dimensional over R and is not itself S*. Rather,
normalization and TIPE constraints may select a unit-quaternionic equilibrium sector,

H e C—M PE = §* = SU(Q2).

Within this sector, three-axis isotropy gives

i_q+j_q+k g =13,

producing the normalized projection 1/N3 and the characteristic angle arccos(1/43) = 54.74°.
Tetrahedral closure independently yields cos 6 = —1/3 and 6 = 109.47°, while the SU(2)
double-cover structure naturally supports 4 spinor closure.

The central proposal is therefore not that conventional lower-dimensional representations are
mathematically incorrect, but that a complete phase description should employ a
mathematical manifold consistent with the intrinsic geometry of the represented state.

Complex quaternionic geometric algebra emerges as a natural candidate for such a
representation.

1. Introduction: The Problem of the External Time Axis

2
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A mathematical representation is not identical to the physical structure it describes.
Coordinates are instruments of description, and their usefulness does not by itself establish
that every coordinate corresponds to an intrinsic constituent of the represented system.
Modern dynamics commonly takes the form

X =X(r,t),

where t is treated as an independent parameter indexing successive states.

This representation is extremely successful for describing change. Nevertheless, a deeper
question remains:

Is an external time coordinate necessary for specifying the complete physical state, or can the
state be defined directly through its intrinsic geometric relations?

The distinction is fundamental.
A time-dependent description reconstructs a system through a sequence,
X(t1) — X(t2) = X(t3) — ...,

whereas a phase-geometric description asks whether the essential state can instead be
specified by the relations simultaneously defining the system.

For an oscillatory system these relations include

amplitude,

phase,

phase gradient,

relative phase,

orientation,

and geometric closure.

This paper adopts the second approach.

The fundamental methodological assumption is Time-Independent Phase Equilibrium (TIPE):

A complete equilibrium state can be specified through its intrinsic phase-geometric relations
without requiring an external time coordinate as a constitutive degree of freedom.
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This principle does not deny observed temporal change or the practical utility of time. It
distinguishes the parameter used to order observations from the intrinsic variables required to
define the physical state.

Once this distinction is made, the central mathematical problem changes.

The central question is therefore no longer how a state moves along an external time axis, but
what intrinsic geometric relations make it self-consistent.

If physical states self-organize through energy conservation and minimum action into phase-
coherent, three-dimensionally oriented structures, their mathematical representation should
preserve these invariants without loss. This motivates a manifold-consistent representation,
for which complex quaternionic geometric algebra emerges as a natural minimal candidate by

unifying complex phase and noncommutative 3D geometry within a multiplicatively closed
structure.

2. TIPE as Intrinsic Phase Geometry
Consider the complex oscillatory state

Y(r) = A(r)e™{id(1)}.

Its local structure is characterized by

A(r),

(1),

and

k(r) = VO(r).

For a system of coupled oscillatory components, define
AD j=0 i—] j.

The complete phase state may therefore be represented schematically as
S _PE = {A(r), ®(r), VO(r), AD ij}.

No external time variable is required in this definition.

Phase equilibrium is then characterized by relational self-consistency. A general limiting
expression is

4
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AAD ij) — 0.

For a coupled phase network, an equilibrium condition may be written as
Y jK ijsin(® j—d i)=0.

Alternatively, using a phase-energy functional E_ ©,

OE ®=0.

These expressions describe the same methodological shift: the physical state is determined by
mutually consistent phase relations rather than by an externally parameterized trajectory.

Accordingly,
TIPE # static state.

Time independence does not imply absence of oscillation, rotation, circulation, or phase
structure. Instead,

Motion = intrinsic phase geometry + relational alignment.
The familiar condition
oP/ot=0

may represent a stationary state within a conventional time-dependent formalism, but it
should not be taken as the definition of TIPE. TIPE begins before t is introduced.

Thus,

Time-dependent formulation:
Y =Y(r,t)

followed by
od/ot=0
is conceptually different from

TIPE formulation:
Y =Y(r) = A(r)e"{iD(r)}.

The latter defines the physical state directly through its spatial and relational phase structure.

5
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3. From TIPE to the Manifold Consistency Principle

If an external time axis is not required to store the complete equilibrium state, the information
conventionally distributed across successive time-indexed configurations must instead be
contained in the intrinsic state geometry.

This leads directly to the Manifold Consistency Principle.

Let

M_math = mathematical state manifold,

M_phase = intrinsic phase-state manifold,

M _geometry = physical geometric state manifold.

For a complete representation,

M math = M phase = M_geometry.

This does not require every mathematical coordinate to correspond literally to an observable
spatial coordinate. Rather, it requires preservation of the intrinsic degrees of freedom and
structural relations relevant to the physical state.

If

dim(M_rep) < dim(M_intrinsic),

then a mapping

m: M_intrinsic — M_rep

necessarily suppresses some information.

The omitted structure may be irrelevant for a particular problem. In that case, projection is
efficient and appropriate.

However, if the omitted information participates directly in phase coherence, orientation, or
geometric closure, it must be reconstructed through additional variables, connections,
coordinate patches, or transformation rules.

Thus the methodological hierarchy should be

Intrinsic physical geometry

— complete mathematical representation
— reduction when justified,

© 2026 InnolLab Science Institute (ISI) CC BY-NC 4.0 https://udynamics.net/en/



160

161
162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177
178

179

180

181
182

183

184

185

rather than

reduced representation
— reconstruction of intrinsic geometry.

This is the mathematical consequence of TIPE.

4. S? Projection and the Preservation of Phase Information

The Hopf fibration provides a clear example:

S'[6) 8- s,
with
8> = S¥/U(1).

The projection from S? to S? is mathematically exact for the corresponding projective state.
However, the U(1) fiber is no longer represented as an independent coordinate of each point
on S2.

Therefore,

S* — complete fibered state,

while

S? — U(1)-quotiented projective state.

Relative phase information can remain encoded in S? representations such as the Bloch
sphere. The point is not that S? eliminates every form of phase information.

Rather,
S? does not preserve the complete U(1) fiber as part of the pointwise state representation.

Consequently, phenomena involving geometric phase or holonomy require additional path
and connection information.

This illustrates a general principle:
Projection is not mathematical error.

Projection is information selection.
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186  The relevant question is whether the discarded degree of freedom is physically dispensable
187  for the problem being considered.

188  For TIPE, where intrinsic phase relations constitute the state itself, preservation of the
189  complete phase geometry becomes a primary requirement.

190

191 5. Quaternionic Closure of Three-Dimensional Geometry

192 Three-dimensional Euclidean geometry contains two fundamental bilinear relations between
193 vectors u and v:

194 uv
195 and
196 uxv,

197  These are usually introduced as separate operations.
198  Consider instead scalar-vector pairs

199  A=(au),

2000 B=(b,v),

201  and define

202 A © B=(ab—uv,av+bu+uxv).

203  This single multiplication simultaneously contains
204  scalar composition,

205  inner-product geometry,

206  oriented cross-product geometry,

207  and scalar-vector coupling.

208  Because

209  uxv=-vxu,

210  the product is generally noncommutative,
8
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A © B#B O A.
The resulting algebra satisfies
ROR, ©) = H,

the quaternion algebra.

Its norm obeys
N(A © B)=N(A)N(B).
Thus quaternion multiplication provides a closed algebraic representation of
3D orthogonality
e orientation
e noncommutative rotation

e multiplicative norm preservation.

This is the essential reason quaternionic algebra is geometrically natural in the present
framework.

It is not introduced merely as an alternative notation for vectors. It provides a single

multiplication law in which the relevant three-dimensional geometric operations are already
internally closed.

6. Complex Quaternionic Extension and the TIPE
Equilibrium Sector

Real quaternions encode three-dimensional rotational geometry, but a phase-coherent
oscillatory state additionally requires complex phase.

The natural complexification is
H C=H ¢ C.

A general biquaternion is
Q=Zo+Zi q+Z:j _q+Zsk q,

where

9
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Zn e C.
The quaternionic bases satisfy

L= =k ¢®=i_q_qgk q=-1,

while the commuting complex unit i_c satisfies

ict=-1

and

iciq=igqi.c,

icj_q=j_qic,

ick g=k qic.

Explicitly,

Q=(W_r+i cW.i
e X r+icX iigq
e (Y r+icY i)jq
e (Zr+icZ i)k q.

Therefore,

Qe He C

contains eight real degrees of freedom.

It is important that

H e C£S°.

S? arises from the normalized real unit-quaternion structure,

q=qo+qi_q+qj_q+qsk g,
with
qo* +qr* T q2* + q* =

Hence

© 2026 InnolLab Science Institute (ISI)
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261 {q € H:|g=1} = $* = SUQ).

262  Within the present framework, the relevant relation is therefore not an identification of the
263 full biquaternion algebra with S, but a constrained reduction:

264 H e C

265  — TIPE constraints

266  — normalization

267 — M PE.

268  When the resulting equilibrium sector admits a unit-quaternionic representation,
269 M PE = S = SU(2).

270  This distinction is essential.

271 Complex quaternion algebra supplies the larger phase-geometric state space; TIPE selects the
272 self-consistent physical sector.

273

274 7. V3 Isotropy, Symmetric Closure, and 47 Topology
275  The quaternionic spatial bases

276 1.q,j 9,k q

277  are mutually orthogonal unit directions.
278  Their equal-weight resultant is

279 Ds=1q+j qtkq

280  Therefore,

281 DsP=1+1+1=3,

282  and

283 |Ds|=13.

284  The normalized isotropic direction is

285 U iso=(i_q+j q+k q/B3.

11
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Consequently,

1 q-U iso

=j q'U_iso

=k q'U iso

= 1A3.

Thus

cos 0_iso = 1/\3,

0 iso = arccos(1/v3)
~ 54.7356°.

The opposite orientation gives
cos 0 _opp =—1/3,

0 _opp = 125.2644°.

The geometric chain is therefore
3 orthogonal unit axes

— 13

— 113
— isotropic angular relation.

A different but related symmetric closure appears for N equivalent unit vectors satisfying

Y {a=1}"{N}u a=0.
If all pairwise inner products are equal,

u au b=-1/(N-1),a#b.

For N =3,
cos 0=-1/2,
0=120°,

corresponding to planar three-vector closure.
For N =4,
cos 0 =-1/3,

12
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0=109.4712°,
corresponding to tetrahedral closure.

Thus 120° and 109.47° are not direct projections of one another. They are distinct symmetric
solutions of the same general closure condition.

The unit-quaternion sector additionally possesses the topology
S* = SU(2).

Since SU(2) double-covers SO(3),

SU(2) — SOQ3),

a spin-1/2 state satisfies

y(0 + 21) = —y(9),

y(0 + 4m) = y(0).

Hence

SO(3): 2z rotational closure,

SU(2) spinor state: 4r state closure.

The 4n property should therefore be understood specifically as an SU(2) spinor-topological
result rather than as a universal property of every oscillatory system.

8. Discussion: From Time-Indexed Dynamics to Phase-
Geometric Closure

The proposed framework establishes a sequence of implications:

Complete physical state
— intrinsic phase relations
— TIPE

— manifold consistency
— algebraic closure

— quaternionic geometry.

The essential methodological transition occurs at the first step.
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364

If physical structure is defined primarily through

X(1),

then the mathematical problem is trajectory evolution.

If it is defined through

Y(r) = A(r)e™{iD(r)}

and

AD ij=D i— D j,

then the fundamental problem becomes relational phase closure.

Under this second description, time may remain useful as an observational parameter, but it is
not required as an intrinsic coordinate of the equilibrium state.

This has an important consequence for mathematical representation.

A lower-dimensional projection can be entirely valid while still being incomplete for a
different physical question. The appropriate criterion is therefore not whether a representation
is conventional or unconventional, but whether it preserves the degrees of freedom required
by the represented physical structure.

For three-dimensional phase-coherent systems, the combined requirements are

3D orthogonality,

complex phase,

orientation,

noncommutative composition,

norm preservation,

and rotational closure.

Quaternion algebra provides the closed three-dimensional product,

A © B=(ab—uv,av+bu+uxv),

with

14

© 2026 InnolLab Science Institute (ISI) CC BY-NC 4.0 https://udynamics.net/en/



365

366

367

368

369
370

371
372
373
374
375

376

377

378

379
380

381
382

383

384
385

386

387

388

389

390

N(A © B)=N(A)N(B),

while complexification supplies the phase degree of freedom.
The resulting structure,

H e C,

therefore provides a natural candidate for the complete algebraic state space, with TIPE and
normalization selecting the physically relevant equilibrium manifold.

This interpretation also clarifies the role of conventional mathematical structures. R?, C, R?,
S2, SO(3), matrices, tensors, and coordinate charts need not be rejected. They may instead be
understood as effective representations, projections, or computational realizations appropriate
to particular levels of description.

The methodological priority is simply reversed:

first identify the intrinsic geometry; then choose the representation.

9. Conclusion

This paper has proposed Time-Independent Phase Equilibrium as a methodological starting
point for the representation of phase-coherent physical systems.

TIPE does not mean that motion is absent, nor is it defined merely by setting a time
derivative to zero.

Rather,

a complete equilibrium state is defined directly through intrinsic phase-geometric relations
without requiring an external time coordinate as a constitutive degree of freedom.

The fundamental state may therefore be written as
P(1) = A@e {id()}.
with
k(r) = VO(r),
AD ij=® i—® j,
15
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416

and equilibrium represented by relational self-consistency such as
A(AD ij) —» 0

or

Y jK ijsin(® j—d i)=0.

From TIPE follows the Manifold Consistency Principle,

M math = M phase = M_geometry.

A complete mathematical representation should preserve the intrinsic degrees of freedom of
the physical phase geometry before any deliberate dimensional reduction is performed.

Three-dimensional orthogonality and orientation naturally generate quaternionic
multiplication,

A © B=(ab—uv,av+bu+uxv),

with multiplicative norm closure,

N(A © B)=N(A)N(B).

Complexification then gives

Qe He C,

while TIPE and normalization may select a unit-quaternionic equilibrium sector,

HeC
— TIPE
—M PE
SS
SU(2).

1R

1R

Within this sector,
iiq+jq+k.gl=13,

U iso=(i q+j q+k q/N3,
cos 0_iso = 1/\3,

and SU(2) provides the topology required for 4w spinor closure.
16
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The resulting structure can be summarized as

Energy Conservation + Minimum Action

— Phase Coherence + 3D Orientation + Self-Consistent Closure
— Time-Independent Phase Equilibrium

— Manifold Consistency

— Complex-Quaternionic Geometric Closure

— S3/SU(2) Equilibrium Sector.

This reformulation does not reject conventional mathematics; it establishes a more specific
criterion: a complete mathematical representation should preserve the intrinsic phase
geometry and its invariants without unnecessary projection. Complex quaternionic geometric
algebra therefore emerges as a natural minimal candidate, unifying complex phase, three-
dimensional geometry, noncommutative composition, and multiplicative closure within a
single structure.
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